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Theoretical constraints on the scalar potential of the compact 341 model with three quadruplets
scalar fields are discussed. It is shown that, in order to ensure good behavior of the potential and
the viability of the model, the criteria such as copositivity, minimization, perturbative unitarity,
perturbativity of the scalar couplings and no ghost scalar bosons (scalar bosons masses positivity)
are imposed and bounds on the scalar couplings are obtained. Moreover, the existence of the Landau
pole in the model imposes stringent limits.
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I. INTRODUCTION
Despite of the success of the Standard Model some
fundamental questions such as matter-anti matter asym-
metry, CP violation, dark matter ect....remain unsolved.
Thus, going beyond the Standard Model becomes manda-
tory. Among the interesting proposed theories beyond
the standard model (BSM), the so called 341 models
based on the Lie gauge group SU(3)C⊗SU(4)L⊗ U(1)X
[1, 6, 8]. In the literature, there are many classifica-
tions of this model depending on the existence or not of
fermions with exotic charges, structure of the scalar po-
tential and spontaneous symmetry breaking of the gauge
group. These models are usually parameterized by two
parameters β and γ [1, 8, 13].
In this paper, we focus on the compact 341 model with
exotic electric charges where β = −1√
3
and γ = −4√
6
[1].
The most attractive feature of this model is the fact that
the two chiralities of the lightest leptons are part of the
SU(4) gauge group fundamental representation, unifying
each leptons family in a single multiplet. Moreover, the
existence of the three families replication of leptons and
quarks in the physical spectrum can be explained as a re-
sult of the triangle gauge anomaly cancellation together
with the QCD asymptotic freedom.
As it was pointed out [1], the gauge anomalies can-
cellatios requires that the three quarks generations have
to belong to different SU(4)L representations: two left
handed generations QiL = (di, ui, Di, Ji)L (i=2,3) lie
in the 4 fundamental representation, whereas, the third
one Q1 = (u1, d1, U1, J1)L together with the three lep-
tons generations ψl = (νl, el, ν
c
l , e
c
l ) with different chi-
ralities in the same quadruplet (l = e, µ, τ) have to
transform under 4¯ the conjugate fundamental represen-
tation (or vice versa). Moreover, the right handed quarks
ujR, djR, JjR, DkR, U1R (k=2,3 and j=1,2,3) transform as
singlets. Here Di, Ji, U1, J1 and c stand for exotic quarks
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with charges −13 ,
−4
3 ,
2
3 and
5
3 and charge conjugate re-
spectively. Concerning the scalar sector and in order to
generate the masses of all particles one has to have three
quartets χ, ρ and η in the SU(4) fundamental represen-
tation. Table I shows all particles content in the compact
341 model parameterized by β = −1√
3
and γ = −4√
6
.
It is well known that the Standard Model scalar poten-
tial has only two scalar couplings. To ensure its stability
it is enough to make the Higgs boson quartic coupling
positive [14, 16]. However, things are more complicated
in BSM models [2–4, 9, 17] even at the tree level.
The purpose of this paper is to study the theoretical
constraints in order to determine the compatible allowed
regions of the parameters space.
This paper is organized as follows: in section II, we
present the basic ingredients and particle content of the
compact 341 model. In Section III, we discuss the various
theoretical constraints on the scalar couplings, including
the tree level necessary and sufficient vacuum stability
conditions using the orbit space method [2] and in or-
der to ensure the boundedness of the scalar potential
in any direction of the fields the copositivity criterion
is imposed. Other minimization constraints are also dis-
cussed. Moreover, the perturbative unitarity, the positiv-
ity of the scalar bosons masses and the perturbativity of
the scalar potential conditions are derived using the fact
that the lightest CP even boson H1 is identified to the
SM Higgs boson. The combination of all these theoretical
constraints, together with the Landau pole limit allow to
determine the compatible region of the parameters space.
Finally, in section IV we draw our conclusions.
II. THE MODEL
The compact 341 model is based on the gauge group
SU(3)C ⊗ SU(4)L ⊗ U(1)X , where, C, L and X stand
respectively for color, left chirality and a new quan-
tum number defining the charge associated to the group
U(1)X which is written as a linear combination together
with the diagonal generators T3, T8 and T15 of the gauge
group SU(4)L ⊗ U(1)X to determine the electric charge
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2operator:
Q = T3 + βT8 + γT15 +XI4×4 (1)
where β and γ are parameters to be fixed according to
the field distribution in the quadruplets. In this paper
the fermionic assignment is determined with β = −1√
3
and
γ = −4√
6
as it is shown in Table I.
TABLE I. The complete anomaly free particle content in the
compact 341 model. Where the quantum numbers between
parenthesis indicate the respective representation (rep) for the
quadruplets (triplets) under the 341 (331) symmetry and F
refers to Flavors.
Name 341 rep 331 rep components F
ψαL (1,4,0) (1,3,
−1
3
)+(1,1,1) (να, lα, ν
C
α , l
C
α ) 3
QiL(i = 2, 3) (3,4,
−1
3
) (3,3¯,0)+(3,1,−4
3
) (di, ui, Di, Ji) 2
Q1L (3,4,
2
3
) (3,3, 1
3
)+(3,1, 5
3
) (u1, d1, U1, J1) 1
ujR(j = 1, i) (3,1,
2
3
) (3,1, 2
3
) ujR 4
djR(j = 1, i) (3,1,
−1
3
) (3,1,−1
3
) djR 5
J1R (3,1,
5
3
) (3,1, 5
3
) J1R 1
JiR(i=1,2) (3,1,
−4
3
) (3,1,−4
3
) JiR 2
χ (1,4,-1) (1,3, −4
3
)+(1,1,0) (χ−1 ,χ
−−,χ−2 ,χ
0) 1
η (1,4,0) (1,3,−1
3
)+(1,1,1) (η01 ,η
−
1 ,η
0
2 ,η
+
2 ) 1
ρ (1,4,1) (1,3, 2
3
)+(1,1,2) (ρ+1 ,ρ
0,ρ+2 ,ρ
++) 1
In the compact 341 model, the expression of the most
general renormalizable and gauge invariant scalar poten-
tial is [1]:
V (η, ρ, χ) =µ2ηη
†η + µ2ρρ
†ρ+ µ2χχ
†χ+ λ1(η†η)2 + λ2(ρ†ρ)2
+ λ3(χ
†χ)2 + λ4(η†η)(ρ†ρ) + λ5(η†η)(χ†χ)
+ λ6(ρ
†ρ)(χ†χ) + λ7(ρ†η)(η†ρ) + λ8(χ†η)(η†χ)
+ λ9(ρ
†χ)(χ†ρ), (2)
Where µ2µρχ are the mass dimension parameters and λi
(i=1..9) are real dimensionless coupling constants. The
spontaneous symmetry breaking (SSB) in the compact
341 model proceeds in three steps:
SU(3)c ⊗ SU(4)L ⊗ U(1)X
⇓ 〈χ〉
SU(3)c ⊗ SU(3)L ⊗ U(1)X′
⇓ 〈η〉
SU(3)c ⊗ SU(2)L ⊗ U(1)Y
⇓ 〈ρ〉
SU(3)c ⊗ Uem
(3)
Where after the neutral components of the scalar fields η,
χ and ρ acquire its vacuum expectation values which are
needed to give masses for all the particles in this model,
the VEVs structure is represented as:
〈η〉 = 1√
2

0
0
υη
0
 , 〈ρ〉 = 1√2

0
υρ
0
0
 , 〈χ〉 = 1√2

0
0
0
υχ

Where υρ is vacuum expectation value (VEV) of the SM.
Therefore, the VEVs υρ, υη and υχ require the following
hierarchy:
υρ  υη, υχ. (4)
Thus the terms proportional to υρ will be neglected
comparing to the terms proportional to υχ and υη. More-
over, in this work and following ref [1], we use υη = υχ,
this relation simplify the masses expressions of all physi-
cal particles and all relations in this model. The compact
341 model predicts the existence of new fermions as it is
indicated in Table I. Moreover, its scalar spectrum has
three electrically neutral CP even scalars Hi(i = 1, 2, 3),
four singly charged H∓1 and H
∓
2 and two doubly charged
scalar bosons H∓∓. Their masses expressions are found
from the diagonalization of the 3×3 and three 2×2 matri-
ces which are written in the basis (Rρ, Rχ, Rη), (ρ
∓
2 , η
∓
1 ),
(η∓2 , χ
∓
2 ) and (ρ
∓∓, χ∓∓) respectively:
M2H1 = λ2υ
2
ρ +
λ3λ
2
4 + λ6(λ1λ6 − λ4λ5)
λ25 − 4λ1λ3
υ2ρ, (5)
M2H2 =
1
2
(
λ1 + λ3 −
√
(λ1 − λ3)2 + λ25
)
υ2χ, (6)
M2H3 =
1
2
(
λ1 + λ3 +
√
(λ1 − λ3)2 + λ25
)
υ2χ, (7)
M2
H∓1
=
λ7
2
υ2η, (8)
M2
H∓2
=
λ8
2
(υ2η + υ
2
χ), (9)
M2H∓∓ =
λ9
2
υ2χ. (10)
With four singly charged G∓, two doubly charged G∓∓
and five neutral massless Goldstone bosons which will be
eaten by the gauge bosons to acquire their masses.
From the expressions of the neutral Higgs bosons, one can
notice that MH1  MH2  MH3 . The lightest neutral
scalar H1 is assigned to be the SM Higgs boson (we take
its mass at 125.09 GeV for our calculations), however, the
other heavy scalars H2,3 are associated with more heavier
scales υχ and υη. The eigenstates of the last 3 × 3 and
the three 2 × 2 matrices lead to the the following fields
expressions:
H∓1 = sinαη
∓
1 + cosα ρ
∓
2 , (11)
H∓2 = cosβ η
∓
2 + sinβ χ
∓
2 , (12)
H∓∓ = cos′ α ρ∓∓ + sin′ α χ∓∓, (13)
G∓1 = − cosα η∓1 + sinα ρ∓2 , (14)
G∓2 = − sinβ η∓2 + cosβ χ∓2 , (15)
G∓∓ = − sin′ α ρ∓∓ + cos′ α χ∓∓. (16)
3Where:
cosα =
υη√
υ2η + υ
2
ρ
, sinα =
υρ√
υ2η + υ
2
ρ
, (17)
cos′ α =
υχ√
υ2χ + υ
2
ρ
, sin′ α =
υρ√
υ2χ + υ
2
ρ
, (18)
cosβ =
υχ√
υ2η + υ
2
χ
, sinβ =
υη√
υ2η + υ
2
χ
(19)
In what follows, we set cosα (cos′ α), sinα (sin′ α), cosβ,
sinβ as Cα(C
′
α), Sα(S
′
α), Cβ and Sβ respectively.
Furthermore, in our model, besides W∓ and Z, it predicts
other new gauge bosons, namely: K∓1 , K
0(K
′0), X∓,
V ∓∓, Y ∓, Z ′ and Z ′′. Their masses are given by [1]:
M2W∓ =
g2
4
υ2ρ, M
2
K′0,K0 =
g2
4
υ2η, M
2
K∓1
=
g2
4
υ2η, (20)
M2X∓ =
g2
4
υ2χ, M
2
V ∓∓ =
g2
4
υ2χ, M
2
Z =
g2υ2ρ
4c2W
, (21)
M2Y ∓ =
g2
4
(υ2η + υ
2
χ), M
2
Z′ =
g2c2Wυ
2
η
hW
, (22)
M2Z′′ =
g2υ2η
(
(1− 4s2W )2 + h2W
)
8hW (1− 4s2W )
. (23)
Where hW = 3 − 4S2W , g represents the gauge coupling
of the SU(4)L, sW and cW are the sine and cosine elec-
troweak mixing angle.
III. CONSTRAINTS ON THE PARAMETERS
SPACE
The compact 341 model has large numbers of free
scalar parameters. To determine their allowed regions
and in order to obtain a viable model, many theoretical
constraints have to be imposed on the scalar potential.
A. Minimization conditions
The first set of the theoretical constraints on the scalar
parameters comes from the minimization conditions re-
sulted from the first and the second derivative of the
scalar potential. They require general conditions to pro-
vide the vacuum configuration 〈ρ〉0, 〈χ〉0 and 〈η〉0 to be
a minimum of the scalar potential (2).
The first derivative ∂V∂φ |φ=0 = 0 are given by:
µ2η + λ1υ
2
η +
1
2
λ4υ
2
ρ +
1
2
λ5υ
2
χ = 0, (24)
µ2ρ + λ2υ
2
ρ +
1
2
λ4υ
2
η +
1
2
λ6υ
2
χ = 0, (25)
µ2χ + λ3υ
2
χ +
1
2
λ5υ
2
η +
1
2
λ6υ
2
ρ = 0. (26)
where we have used 〈η〉0 = υη√2 , 〈ρ〉0 =
υρ√
2
and 〈χ〉0 =
υχ√
2
.
The second derivative test ∂
2V
∂φiφj
∣∣∣∣
φ=φ0
leads to the so
called the Hessian matrix H0 evaluated at the vacuum:
H0 =
 4λ1υ2η 2λ4υηυρ 2λ5υηυχ2λ4υηυρ 4λ2υ2ρ 2λ6υρυχ
2λ5υηυχ 2λ6υρυχ 4λ3υ
2
χ
 ,
where we have used the relations in (24), (25) and (26) in
order to simplify the Hessian matrix. Using Sylvester’s
criterion and from the positivity of the principal minors,
we get the following conditions:
λ1 > 0, λ2 > 0, λ3 > 0,
−2
√
λ1λ2 < λ4 < 2
√
λ1λ2,
−2
√
λ1λ3 < λ5 < 2
√
λ1λ3,
−2
√
λ3λ2 < λ6 < 2
√
λ3λ2,
det(H0) > 0. (27)
Without mentioning the expression of det(H0), The con-
dition det(H0) > 0 is always true because of the fact that
all the square masses of the CP-even scalars are positive
as we will discuss in the next subsection.
B. Boundedness from below
We study the vacuum stability at the tree level, the
conditions which guarantee that the scalar potential is
bounded from below in all directions in the field space as
the field strength approaches infinity. In our case, we face
a more complicated problem even at the tree level since
we have to deal with large numbers of scalar couplings
(twelve couplings). Thus, we introduce a parameterz-
taion which greatly reduces the number of variables and
make the problem even more tractable to derive the suf-
ficient and complete constraints of the potential stability
(VS) where we ignore terms with dimension d < 4, since
in the limit of large field values, they are negligible in
comparison with the quartic couplings of the scalar po-
tential V 4(η, ρ, χ) [9]:
V 4(η, ρ, χ) =λ1(η
†η)2 + λ2(ρ†ρ)2 + λ3(χ†χ)2 + λ4(η†η)(ρ†ρ)
+ λ5(η
†η)(χ†χ) + λ6(ρ†ρ)(χ†χ) + λ7(ρ†η)(η†ρ)
+ λ8(χ
†η)(η†χ) + λ9(ρ†χ)(χ†ρ), (28)
4Since we have three different field directions, we define
a parametrization of the fields on a sphere:
r2 ≡ η†η + ρ†ρ+ χ†χ,
η†η ≡ r2 cos2 θ sin2 φ,
ρ†ρ ≡ r2 sin2 θ sin2 φ,
χ†χ ≡ r2 cos2 φ,
η†ρ
|η||ρ| ≡ ξ1e
iψ1 ,
ηρ†
|η||ρ| ≡ ξ1e
−iψ1 ,
η†χ
|η||χ| ≡ ξ2e
iψ2 ,
ηχ†
|η||χ| ≡ ξ2e
−iψ2 ,
ρ†χ
|ρ||χ| ≡ ξ3e
iψ3 ,
ρχ†
|ρ||χ| ≡ ξ3e
−iψ3 . (29)
where we adopt here a parametrization similar to the one
of ref [2], The scalar fields η, χ and ρ scan all the fields
space, therefore, the radius r scans the domain [0,∞[, the
angle θ ∈ [0,2pi] and the angle φ ∈[0,pi2 ], ξi(i = 1, 2, 3) ∈
[0,1] [2].
Inserting this parameterztaion in the scalar potential
(28), it is straightforward to write V 4(ρ, χ, η) in the fol-
lowing form:
V 4(r, cos2 θ, sin2 θ, cos2 φ, ξi) = r
4
(
λ1 cos
4 θ sin4 φ
+ λ2 sin
4 θ sin4 φ+ λ3 cos
4 φ+ λ4 cos
2 θ sin2 θ sin4 φ
+ λ5 cos
2 θ cos2 φ+ λ6 sin
2 θ sin2 φ cos2 φ+ λ7ξ
2
1
cos2 θ sin2 φ sin4 φ+ λ8ξ
2
2 cos
2 θ sin2 φ cos4 φ
+ λ9ξ
2
3 sin
2 θ cos2 φ sin2 φ
)
, (30)
We introduce again the following variables [2]:
x ≡ cos2 θ and y ≡ sin2 φ, (31)
Inserting (31) in the expression (30), them we get:
V 4(r, cos2 θ, sin2 θ, cos2 φ, ξi) = y
2
(
λ1x
2 + λ2(1− x)2
+ λ4x(1− x) + λ7ξ21x(1− x)
)
+ λ3(1− y)2
+ y(1− y)
(
λ5x+ λ6(1− x) + λ8ξ22x+ λ9ξ23(1− x)
)
.
(32)
The expression (32) has the following form:
f(χ) = aχ2 + b(1− χ)2 + cχ(1− χ), (33)
The copositivity of the expression (33) leads to [2]:
a > 0, b > 0 and c+ 2
√
ab > 0. (34)
Applying this criterion on (32), we get the following con-
ditions:
A ≡ λ1x2 + λ2(1− x)2 + λ4x(1− x) + λ7ξ21x(1− x) > 0,
(35)
B ≡ λ3 > 0 (36)
C ≡ λ5x+ λ6(1− x) + λ8ξ22x+ λ9ξ23(1− x) + 2
√
AB > 0.
(37)
From the expression (35), we find:
λ1 > 0, λ2 > 0,
λ4 + 2
√
λ1λ2 > 0.
λ4 + λ7 + 2
√
λ1λ2 > 0. (38)
While the expression (36) leads to:
λ3 > 0, (39)
From the expression (37), we distinguish two cases:
If λ6 and λ7 > 0, one get (38)-(39), while, if λ5 or λ6 < 0,
we obtain the following:
−2
√
λ1λ3 < λ5 < 2
√
λ1λ3,
−2
√
λ2λ3 < λ6 < 2
√
λ2λ3,
−2
√
λ1λ3 < λ5 + λ8 < 2
√
λ1λ3,
−2
√
λ2λ3 < λ6 + λ9 < 2
√
λ2λ3,
4(λ4 + λ7)λ3−2(λ5 + λ8)(λ6 + λ9) + 2
√
Λ1 > 0,
4λ4λ3 − 2λ5λ6 + 2
√
Λ2 > 0,
4λ4λ3 − 2λ5(λ6 + λ9) + 2
√
Λ3 > 0,
4λ4λ3 − 2(λ5 + λ8)(λ6 + λ9) + 2
√
Λ4 > 0,
4λ4λ3 − 2(λ5 + λ8)λ6 + 2
√
Λ5 > 0,
4(λ4 + λ7)λ3 − 2λ5λ6 + 2
√
Λ6 > 0,
4(λ4 + λ7)λ3 − 2λ5(λ6 + λ9) + 2
√
Λ7 > 0,
4(λ4 + λ7)λ3 − 2(λ5 + λ8)λ6 + 2
√
Λ8 > 0. (40)
Where:
Λ1 = (4λ1λ3 − (λ5 + λ8)2)(4λ2λ3 − (λ6 + λ9)2), (41)
Λ2 = (4λ1λ3 − λ25)(4λ2λ3 − λ26, (42)
Λ3 = (4λ1λ3 − λ25)(4λ2λ3 − (λ6 + λ9)2), (43)
Λ4 = (4λ1λ3 − (λ5 + λ8)2)(4λ2λ3 − (λ6 + λ9)2), (44)
Λ5 = (4λ1λ3 − (λ5 + λ8)2)(4λ2λ3 − λ26), (45)
Λ6 = (4λ1λ3 − λ25)(4λ2λ3 − λ26), (46)
Λ7 = (4λ1λ3 − λ25)(4λ2λ3 − (λ6 + λ9)2), (47)
Λ8 = (4λ1λ3 − (λ5 + λ8)2)(4λ2λ3 − λ26). (48)
All the previous conditions (38)-(40) ensure the nec-
essary and sufficient conditions for the boundedness of
the scalar potential from below in any direction in the
field space. Together with the minimization conditions
resulted from the positivity of the Hessian matrix (27),
we determine the first set of the theoretical constraints.
5C. Perturbative Unitarity bounds and the
positivity of the scalar bosons masses
Other constraints on the scalar potential parameters
are obtained from the unitarity conditions. In order to
derive those constraints one needs to look at the tree
level scattering processes: scalar-scalar scattering, gauge
boson–gauge boson scattering, and scalar–gauge boson
scattering [17].
Applying the equivalence theorem [2, 19]. The uni-
tarity constraints at the tree level in the compact 341
model can be implemented by considering only scalar-
scalar scattering processes dominated by quartic interac-
tions.
The perturbative unitarity conditions are obtained in
many BSM models [2, 17, 18] by using the S matrix for
all the elastic scatterings of two body scalar boson states,
even in the SM this idea has been used to constrain the
theoretical limits over the SM Higgs boson mass.
The scattering amplitude for any 2 −→ 2 process can
be expressed in terms of the Legendre polynomial and
the partial wave amplitude aJ [10–12] where aJ can be
expressed as:
Im(aJ) = |aJ |2. (49)
The expression (49) is an equation of a circle with the
radius 12 and a center (0,
1
2 ). In the high energy limit, it
can be shown that the unitarity condition requires:
|Re(a0)| < 1
2
(50)
In general, the constrain (50) constraints the scattering
amplitude for all possible two particle states S1S2 −→
S3S4 processes as follows:
|M| < 8pi (51)
Where the Si (i=1,..4) represent all (pseudo) scalar
bosons in the model. The unitarity constraint is found
by applying the bound (51) on all possible eigenvalues of
all scattering matrices.
The compact 341 model contains many scalar fields
components (three quadruplets scalar fields), therefore,
it is difficult to calculate all the eigenvalues of all pos-
sible matrices for all the elastic scatterings of two body
scalar boson states. Fortunately, there is an alternative
method used in ref [19]. Instead of extracting the S-
Matrices and calculate all the eigenvalues, we derive all
possible quartic contact terms as a function of the physi-
cal scalar fields [19]. In this way we can immediately find
out the unitarity bounds on the quartic couplings.
In the appendix, we list the possible non-zero quartic
couplings that appear in the compact 341 after expand-
ing the full scalar potential in terms of the physical quar-
tic couplings. Using the fact that υη=υχ, υρ  υη and
υρ  υχ, we find C2α = 1, S2α = 0, C2β = S2β = 12 and all
terms with quartic couplings in four scalar scattering are
bounded by 8pi. Then the unitarity constraints on the
scalar parameters are:
α2λ4 + γ
2(λ6 + λ9) < 16pi,
β2λ4 + σ
2(λ6 + λ9) < 16pi,
αβλ4 + γσ(λ6 + λ9) < 8pi,
(α2 + 2αβ)λ4 + γ
2λ6 < 32pi,
λ4 + λ6 < 32pi,
β2λ4 + σ
2λ6 < 32pi,
σλ9 + βλ7 < 16pi,
γλ9 + αλ7 < 16pi,
γσλ6 < 16pi,
α2λ4 + γ
2λ6 + α
2λ7 < 16pi,
β2λ4 + σ
2λ6 + β
2λ7 < 16pi,
αβλ4 + σγλ6 + αβλ7 < 8pi,
2α2λ1 + 2γ
2λ3 + λ5(α
2 + γ2) + λ8(α
2 + γ2
+ (
√
2 + 1)γα) < 32pi,
2β2λ1 + 2σ
2λ3 + λ5(β
2 + σ2) + λ8(β
2 + σ2
+ σβ) < 32pi,
2βαλ1 + 4σγλ3 + 2λ5(βα+ γ
2) + λ8(2βα+ 2σα
+ β + σγ + βγ + σβ) < 32pi,
λ1 + λ3 + λ5 < 32pi,
α4λ1 + γ
2λ3 < 32pi,
β4λ1 + σ
4λ3 + σ
2β2 < 32pi,
6β2α2λ1 + 6σ
2γ2λ3 + λ5(4αβγσ + γ
2α2 + γ2β2
+ α2σ2) < 32pi,
2α3βλ1 + 2λ3γ
3σ + λ5(βαγ
2 + α2γσ) < 16pi,
2β3αλ1 + 2λ3σ
3γ + λ5(βασ
2 + β2γσ) < 16pi,
λ4 + λ6 + λ9 < 16pi,
λ4 + λ6 + λ7 < 16pi. (52)
Where α, β, γ and σ have the following expressions:
α =
−
√
X2 + (Y −√X2 + Y 2)2√
4(X2 + Y 2)
, (53)
β =
√
X2 + (Y +
√
X2 + Y 2)2√
4(X2 + Y 2)
, (54)
γ =
(Y +
√
X2 + Y 2)(
√
X2 + (Y −√X2 + Y 2)2)
X
√
4(X2 + Y 2)
,
(55)
σ =
−(Y −√X2 + Y 2)(
√
X2 + (Y +
√
X2 + Y 2)2)
X
√
4(X2 + Y 2)
.
(56)
With X = λ5, Y = λ1 − λ3. (57)
6Moreover, to maintain the perturbativity of the model,
all the quartic couplings of the scalar potential λi(i =
1...9) must satisfy this condition:
|λi| ≤ 4pi (58)
In the compact 341 model, the physical scalar bosons
masses are fully determined by the parameters of the
scalar potential λi, therefore, other constraints on the
scalar parameters can be found from the positivity of
all scalar bosons masses. As we reported previously, the
physical spectrum consists of three CP-even scalars, Hi
(i=1,2,3) four charged scalars, H∓i (i=1,2) and two dou-
bly charged scalar bosons H∓∓. A complementary set of
constraints on the λi comes from the positivity of all the
masses of the scalar bosons is:
λ1 + λ3 −
√
(λ1 − λ3)2 + λ25 > 0,
λ1 + λ3 +
√
(λ1 − λ3)2 + λ25 > 0,
λ2 +
λ3λ
2
4 + λ6(λ1λ6 − λ4λ5)
λ25 − 4λ1λ3
> 0,
λ7 > 0, λ8 > 0, λ9 > 0. (59)
In addition, the scalar parameters are constrained by
another strong condition by imposing that the lightest
scalar boson H1 is identical to the Standard Model Higgs
like boson, by talking MH1= 125.09 GeV and υρ=246
GeV, therefore:
λ2 +
λ3λ
2
4 + λ6(λ1λ6 − λ4λ5)
λ25 − 4λ1λ3
=
m2h1
υ2ρ
, (60)
Moreover, the ref [1] reported that the compact 341
model has a landau pole Λ around 5 TeV, that leads to a
stringent constraint on the parameters. It requires that
all scalar bosons masses and all VEVs are bounded to be
less or equal Λ.
We give random numbers for λi (i=1..9) taking into
account all the theoretical constraints. We choose the
following benchmark point to study the variation of the
scalar bosons masses as a function of the vacuum expec-
tation value υη.
λ1, λ2, λ3, λ4, λ5λ6, λ7, λ8, λ9 ≡ (1.24916, 1.4595, 2.08534,
0.612214, 0.544161,−2.88788, 1.20945, 0.308258, 3.64476).
The allowed region is smaller than 5 TeV due to the
exclusion limits resulted from the existence of the Landau
pole (larger masses should be smaller or equal to 5 TeV).
FIG. 1. The variation of the scalar bosons masses in the
compact 341 model as a function of υη.
FIG. 2. The variation of the gauge bosons masses in the
compact 341 model as a function of υη where V represents
K′0, K0, V ∓∓, X∓ and K∓1 .
Figures (1) and (2) represent the variation of the scalar
and gauge bosons masses as a function of the υη respec-
tively. Among all of them, H∓∓ and Z ′′ are the heaviest
for all the choices of υη.
IV. CONCLUSION
The theoretical constraints on the parameters space
are an important issue that must be imposed on the
scalar potential couplings in any theory beyond the Stan-
dard Model. Thus one needs to find the necessary condi-
tions to ensure the allowed region for the scalar couplings.
In our work, the corresponding theoretical constraints
in the compact 341 model are derived such as the vacuum
stability, minimization of the scalar potential, perturba-
tive unitarity bounds and perturbativity of the scalar
potential couplings. Moreover, other conditions coming
from the positivity of the scalar bosons masses with the
stringent condition of the landau pole are also derived.
We have used parametrizations which allows us to find
7analytically the conditions which guarantee the bounded-
ness of the scalar potential in all the directions. Together
with the positivity of the Hessian matrix resulted from
the first and second derivative of the scalar potential,
we derive the first set of the theoretical constraints on
the scalar couplings. The second objective of this pa-
per is to derive the tree level conditions for the quartic
couplings of the scalar potential coming from the pertur-
bative unitarity conditions, we express the quartic cou-
plings in terms of the physical scalar fields instead of
calculating the s-wave amplitude matrix for all possible
2 to 2 body (pseudo) scalar boson elastic scatterings in
the high energy limit. Also, the positivity of all scalar
bosons masses are taken into account imposing additional
constraints on λi (i=1..9). Finally, We have used the fact
that all quartic scalar couplings are smaller than 4pi to
ensure the perturbativity of the scalar potential.
The combination of all those theoretical constraints to-
gether with the emergence of the Landau pole at around
5 TeV determine the allowed regions of the parameters
space which must be taken into account in our future phe-
nomenological studies (work in progress) in the context
of the compact 341 model. Moreover, we have presented
the benchmark point which we suggest to study the vari-
ation of the scalar bosons masses as a function of the
υη.
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Appendix: Scalar Quartic Couplings
All possible non-zero quartic couplings in terms of the
physical scalar fields that appear in the compact 341
model are:
H1H1H1H1 :
λ2
4
,
H−−H++H2H2 : λ3S2αγ
2 + λ4
α2C2α
2
+ (λ6 + λ9)
γ2C2α
2
− λ5α
2S2α
2
,
H−−H++H3H3 : λ3S2ασ
2 + λ4
C2αβ
2
2
+ (λ6 + λ9)
C2ασ
2
2
− λ5 β
2S2α
2
,
H−−H++H2H3 : 2λ3σγS2α + C
2
ααβλ4 + σγC
2
α(λ6+
λ9)αβS
2
αλ5,
H−2 H
+
2 H1H1 : λ6
C2β
2
+ λ4
S2β
2
,
H2H2H1H1 : λ4(
α2
4
+
αβ
2
) + λ6
γ2
4
,
H3H3H1H1 : λ6
σ2
4
+ λ4
β2
4
,
H−−H+2 H
+
1 H3 : λ8(
β√
2
CβS
2
α +
σ√
2
SβS
2
α) + λ9
C2αSβσ√
2
+ λ7
C2αSββ√
2
,
H−−H+2 H
+
1 H1 : λ9
CβCαSα√
2
+ λ7
SαCαSβ√
2
,
H−1 H
−
2 H
++
1 H2 : λ9
γ√
2
C2αCβ + λ7
α√
2
C2αSβ + λ8
α√
2
S2αCβ ,
H−1 H
−
2 H
++
1 H3 : λ9
σ√
2
C2αCβ + λ7
β√
2
C2αSβ ,
H−−H++H1H2 : λ9
γ
2
CαSα,
H−−H++H1H3 : λ9
σ
2
CαSα,
H++H−1 H
−
2 H1 : λ7
σ
2
SβCαSα,
H+1 H
−
1 H1H3 : λ7CαSαβ,
H1H1H2H3 :
λ6γσ
2
,
H+1 H
−
1 H1H2 : λ7
α
2
CαSα,
H+1 H
−
1 H
+
1 H
−
1 : λ1S
4
α + λ2C
4
α + λ4S
2
αC
2
α,
H++H−1 H
−
1 H2 :
λ8√
2
S2αSβγ,
H++H−−H++H−− : λ2C2α + λ3S
4
α + λ6C
2
αS
2
α,
H+1 H
−
1 H2H2 : λ1S
4
αα
2 + λ4
α2
2
C2α + λ5
γ2
2
S2α
+ λ6
γ2
2
C2α + λ7
α2
2
C2α,
H+1 H
−
1 H3H3 : λ1S
2
αβ
2 + λ4
β2
2
C2α + λ5
σ2
2
S2α + λ6
σ2
2
C2α
+ λ7
β2
2
C2α,
H+1 H
−
1 H2H3 : λ1S
2
αβα+ λ4βαC
2
α + λ5σγS
2
α + λ6σγC
2
α
+ λ7βαC
2
α,
H++H−1 H
−
1 H3 :
λ8√
2
(βS2αCβ + γS
2
αSβ),
H+2 H
−
2 H2H2 : λ1S
2
βα
2 + λ3γ
2C2β + λ5(
α2
2
C2β +
γ2
2
S2β)
+ λ8(
α2
2
C2β +
γα
2
CαSβ +
γ2
2
S2β +
γα
2
CβSβ),
H2H2H2H3 : λ1α
3β + λ3γ
3σ +
λ5
2
(αβγ2 + α2γσ),
H+2 H
−
2 H3H3 : λ1S
2
ββ
2 + λ3σ
2C2β + λ5(
β2
2
C2β +
σ2
2
S2β)
+
λ8
2
(β2C2β + σ
2S2β + σβCβSβ),
8H+2 H
−
2 H2H3 : λ1S
2
ββα+ 2λ3σγC
2
β + λ5(βαC
2
β + σγS
2
β)
+
λ8
2
(2βαC2β + (ασ + β)SβCβ
+ σγS2β + (ασ + βγ)CβSβ + σβCβSβ),
H+2 H
−
2 H
+
2 H
−
2 : S
4
βλ1 + λ3C
4
β + λ5C
2
βS
2
β ,
H2H2H2H2 : λ1
α4
4
+ λ3
γ2
4
,
H3H3H3H3 : λ1
β4
4
+ λ3
σ4
4
+ λ5
σ2β2
4
,
H2H3H3H3 : λ1αβ
3 + λ3γσ
3 +
λ5
2
(αβσ2 + β2γσ),
H+1 H
−
1 H1H1 : λ2C
2
α +
λ4
2
S2α +
λ7
2
S2α,
H++H−−H+1 H
−
1 : 2λ2C
2
α + λ4S
4
α + λ5S
4
α + λ6C
2
αS
2
α + λ8S
4
α,
H++H−−H+2 H
−
2 : 2λ3S
2
αC
2
β + λ4S
2
βC
2
α + λ5S
2
αS
2
β + λ6C
2
αC
2
β
+ λ7C
2
αS
2
β ,
H+1 H
+
2 H
−−H2 : λ9
γ√
2
C2αCβ + λ7
α√
2
C2αSβ + λ8(
γ√
2
SβS
2
α
+
α√
2
CβS
2
α),
H+1 H
−
1 H1H2 :
λ7
2
CαSαα,
H+1 H
−
1 H
−
2 H
+
2 : 2λ1S
2
βS
2
α + λ4C
2
αS
2
β + (λ6 + λ9)C
2
αC
2
β
+ λ5S
2
αCβ ,
H2H2H3H3 : λ1
3β2α2
2
+ λ3
3σ2γ2
2
+ λ5(αβγσ +
γ2α2
4
+
γ2β2
4
+
σ2α2
4
).
H++H−−H1H1 : λ2C2α +
λ9
2
Sα +
λ6
2
S2α. (A.1)
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